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These notes describe the basic differential geometry of complex manifolds, and
their important specialisation, Kéhler manifolds. They begin, however, with an
exposition of the relationship between a complex vector space and its underlying
real vector space. This lets us highlight the interesting linear algebraic aspects

without the complication of fibering them over a manifold.

1 Complex vector spaces

Much of the geometry of manifolds can be described in terms of vector bundles, which associate a
vector space to each point of the manifold in a continuous way. Therefore any study of complex
manifolds requires some knowledge of complex vector spaces, and we will begin with these. Our
focus is on the relationship between a complex vector space and the underlying real vector space,
and standard structures on these spaces.

Let V be an n-dimensional complex vector space.! Recall that a Hermitian inner product on
V is a map

h:VxV-C

satisfying the following properties:2
o h(vy,avy +v3) = ah(vy,ve) + h(vi,v3) Vo € C and vy, vg,v3 €V
o h(vg,v1) = h(vi,v2) ¥V v1, v €V
e h(v,v) >0V veV, and h(v,v) =0 if and only if v = 0.

Notice that because h is anti-linear in its first argument, it does not give an isomorphism of V' with
its dual space® V*, as a real inner product does. Instead, it gives an isomorphism V* 22 V', where
V is the complex conjugate space of V. It is taken to have the same elements as V, with the same
additive structure, but scalar multiplication is defined by « - v := @v. In this language, h is an
element of V" @ V™.

The unitary group U(V') is defined to be the group of linear operators on V' which preserve the

inner product:
UV)={Ae GL(V) ! h(Awvy, Ave) = h(v1,v9) ¥V v1,v9 € V'} .

If we choose a basis for V' in which h is represented by the identity matrix, then we see that U (V)

is isomorphic to U(n), the set of n x n complex matrices satisfying ATA = 1.

We will restrict ourselves to finite-dimensional spaces throughout.
2Sometimes h is taken to be linear in the first argument rather than the second. It is then anti-linear in the other.
3The dual space V* is defined as the space of C-linear maps from V to C, and inherits a vector-space structure

from that on C.



1.1 The real perspective

Since the real numbers are a sub-field of the complex numbers, we can also think of V as a 2n-
dimensional real vector space. From this point of view, multiplication by the imaginary unit i is a
real-linear operation, which we will denote by J, which squares to minus the identity. To distinguish
these perspectives, from now on we will write V¢ for the complex vector space, and Vg for the real
vector space, and represent multiplication by i, on Vg, by the corresponding linear operator .J,
satisfying J% = —1.

What does the Hermitian inner product h on Vi look like from the point of view of Vg? Over

the real numbers, it makes sense to split A into its real and imaginary parts, which are separately

R-linear:
g(vl,vg) = % <h(7)1,7)2) + h(vl,v2)> = %(h(vl,vg) + h(vg, Ul)) ,
w(vi,ve) = —% (h(vl,vg) - h(v1702)> = —%(h(’()l,’t)g) — h(vg,v1)) -

It is clear that g is symmetric and w skew-symmetric, and an easy exercise to show that each is
non-degenerate, in the sense that g(vi,v2) = 0V vy <= v; = 0, and similarly for w. So ¢ is an
inner product on Vg, and w a symplectic form.

The inner product g and symplectic form w are in fact related by the operator J, representing
multiplication by i:

w(vy,ve) = g(Jv1,v9) .

This relation is easy to check from the expressions given above.

Example: C?

To make the ideas above completely concrete, let us consider C? with the standard
Hermitian inner product. So let €1, €5 be the standard basis for C?, and define the inner

product by
h(Ei, €j) = 517]‘ .

Now we change to the real perspective, C2 = R*. We can define a basis over the reals

by e;1 =€, €;2 =1i¢;. Then in terms of this basis, we have
Jei1=¢ei2, Jea=—e1.

So if we take the order of the basis vectors to be {e1,1,€1,2,€21,€e22}, J is represented

by the matrix

0 -1 0 O
7 1 0 0
0 0 0 -1
0O 0 1 0
2
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In a similar way, we find that the two bilinear forms are represented by the matrices

10 00 o 1 0 O

0100 -1 0 0
[ y W=

0010 0 0 1

0 001 0 0 -1 0

So g and w are just the standard inner product and symplectic form on R*. This clearly

generalises to any C".

We can now consider going the other way, from a real vector space to a complex one. Let V
be a real vector space, and J a linear operator on V satisfying J? = —1 (this implies that V is
even-dimensional, since (det J)? = det J2 = (—1)4™V and det J is real). We can therefore define
an action of the complex numbers of V' by (a+0bi)-v := av+bJv; it is easy to see that this makes
V into a complex vector space. J is called a complex structure on V.

An inner product, g, on V is said to be compatible with the complex structure if it satisfies
g(Jvi, Jvy) = g(v1,v2) ¥V v1,v92 € V. In this case we can also construct a symplectic form w on V,

defined by w(vy,v2) = g(J v1,v2), and a canonical Hermitian inner product h, given by
h(u,v) := g(v1,v2) +iw(vi,va) .

Since J? = —1, its eigenvalues are +i, so it has no eigenvectors in V. However, we can consider

the larger space CV := V®RrC, and extend J to an operator on this space by the definition
Joa)=Jv)@a , veV  aeC (1)
and R-linearity. It is now possible to diagonalise J, and obtain the decomposition
CV=veVvi,

where J acts as multiplication by i on V1Y and multiplication by —i on V%!, The above decompo-

sition also induces a bi-grading on the exterior algebra of CV'; we can define
APACY = APVIO @ ATV 0L

The construction above is actually quite subtle. The complexified space V®rC carries two
natural complex structures: the first is defined by i- (v ® o) = v ® (i), and the second is defined
byi-(v®a) = J(v® «), where the right hand side is defined by equation (1). The subspace V°
is then the subspace on which these two agree. It is naturally isomorphic to the original space V

(as a complex vector space), with the explicit isomorphism given by

Vov i (v@l—Jw)®i) eVl

We also have naturally that V0! = V1.0, when each is considered with the ‘J’ complex structure.
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2 Complex manifolds

Since R?" =2 C", any 2n-dimensional manifold X is locally homeomorphic to C", so we obtain
nothing interesting from this condition. What we would like is for X to inherit the analytic
structure of C"; we need a consistent notion of a holomorphic function on X.

Let {U,, (z%,9%)} be a covering of X, where we have put the 2n real local coordinates into pairs.
This lets us define local complex coordinates by z{, = x?, + iy’, and local holomorphic functions
to be complex-valued functions f = f; 4+ ifo which satisfy the corresponding Cauchy-Riemann

equations:
Of _ Of ofi _ 0f
Oz, Oyi ' Oy, Ol

We will call X a complex manifold if on every non-empty intersection U, N Upg, the restrictions
of holomorphic functions from U, agree with those from Ug. This allows us to consistently refer to
‘holomorphic functions’ at all points on X. It is easy to check that this condition is equivalent to

the transition functions being holomorphic, in the sense that

J J J J
a:rﬁ B 8y6 6:136 B 8yﬁ

oxi, Oy, ' Oyl Ozl

These expressions can be written in a much clearer way if we complexify the differential calculus,
as is standard in complex analysis. We have the holomorphic and anti-holomorphic derivatives (from

now on we drop the reference to the local patch unless required)

o 1[0 b 0 _1(0 0
0zt 2\ ozt oyt) T o9z 2\0x¢ Oyt

Then the Cauchy-Riemann equations for a function f are simply df/0z' = 0.
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